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The multimomentum Hamiltonian formalism is applied to field systems represented 
by sections of composite manifolds Y ^ T, ^ X where sections of E — > X are parameter 
0\ ! fields, e.g., Higgs fields and gravitational fields. Their values play the role of coordinate 

parameters, besides the world coordinates. 
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1 Introduction 

We follow the generally accepted geometric description of classical fields by sections of 
fibred manifolds Y ^ X. 



> 

Q\ ' Remark. A fibred manifold 

TT -.Y ^X 



^ ! is provided with fibred coordinates {x^,y^) where are coordinates of the base X. A 

■<sj- I locally trivial fibred manifold is termed the bundle. We denote by VY and V*Y the 

^ ■ vertical tangent bundle and the vertical cotangent bundle of Y respectively. For the 

sake of simplicity, the puUbacks Y x TX and Y x T*X are denoted by TX and T*X 

X X 

p i' respectively. □ 

(D : 

^ . The present article is devoted to field systems on a composite manifold 

■ where F ^ S is a bundle denoted by Y-^ and S — > A is a fibred manifold. In gauge 

theory, composite manifolds 

P P/K X 

(where P is a principal bundle whose structure group is reducible to its closed subgroup 
K) describe spontaneous symmetry breaking . Global sections oiPjK ^ X are treated 
the Higgs fields. 

Application of composite manifolds to field theory is founded on the following spec- 
ulations. Given a global section h of S, the restriction Y^ of Y^, to hiX) is a fibred 
submanifold of F — ^ A. There is the 1:1 correspondence between the global sections Sh 
of Yh and the global sections of the composite manifold (|lD which cover h. Therefore, one 
can say that sections of Y^ describe fields in the presence of a background parameter 
field /i, whereas sections of the composite manifold Y describe all pairs (s/^, K). It is im- 
portant when the bundles Y^ and Y^^^t fail to be equivalent in a sense. The configuration 
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space of these pairs is the first order jet manifold J^Y of the composite manifold Y and 
their phase space is the Legendre bundle 11 over Y. 

In particular, we aim to apply the composite manifold machinery to gravitation theory 
which is the gauge theory with spontaneous breaking of world symmetries 0, [1^. 

Let LX be the principal bundle of linear frames in tangent spaces to a world manifold 
X^. In gravitation theory, its structure group 

GL^ = GL+(4,R) 

is reduced to the connected Lorentz group L = S0{3, 1). It means that there exists 
a reduced subbundle L^X of LX whose structure group is L. In accordance with the 
well-known theorem, there is the 1:1 correspondence between the reduced L-principal 
subbundles L^X of LX and the global sections h of the quotient bundle 

S := LX/L X^. (2) 

These sections are exactly the tetrad gravitational fields. 

The underlying physical reason of spontaneous symmetry breaking in gravitation the- 
ory is Dirac fermion matter possesing only exact Lorentz symmetries. The crusial point 
consists in the fact that, Dirac fermion field must be regarded only in a pair with a certain 
tetrad field h. There is the 1:1 correspondence between these pairs and the sections of 
the composite bundle 

S S ^ (3) 
where S* — > E is a spinor bundle associated with the SL{2, C)-lift of the L-principal 



bundle LX ^ S p, |T3[ . The goal consists in modification of the standard gravitational 
equations for sections of the composite manifold (|^). 

Dynamics of fields represented by sections of a fibred manifold Y —>■ X is phrased in 
terms of jet manifolds [§, ^, |^, |l^, |12[. In field theory, we can restrict our consideration 
to the first order Lagrangian formalism where the jet manifold J^Y plays the role of a 
finite-dimensional configuration space of fields. 

Remark. The /c-order jet manifold J'^Y of a fibred manifold Y comprises the equiva- 
lence classes j^s, x G X, of sections s of F identified by the (A; + 1) terms of their Taylor 
series at x. The first order jet manifold J^Y of Y is both the fibred manifold J^Y X 
and the affine bundle J^Y — ^ Y modelled on the vector bundle T*X VY. It is endowed 

Y 

with the adapted coordinates {x^,y\y\): 

We identify J^Y to its image under the canonical bundle monomorphism 

A : J'^Y^T*X(g)TY, 

Y Y 

X = dx^®{dx + y\dd. (4) 
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Given a fibred morphism of $ : F — F' over a diffeomorpliism of X, its jet prolongation 
ji<|, : jiy ^ jiy reads 

A section s of the fibred jet manifold J^Y ^ X is called holonomic if it is the jet 
prolongation s = J^s of a section s of F. □ 

A Lagrangian density on the configuration space J^Y is defined to be a morphism 

L: J^Y ^1\T*X, n = dimX, 
L = Cuj, uj = dx^ A ... A dx"-. 

Note that since the jet bundle J^Y —>■ Y is affine, every polynomial Lagrangian density 
of field theory factors 

L: J^Y ^T*X®VY ^AT*X. (5) 

Dynamics of field systems utilizes the language of differential geometry because of the 
1:1 correspondence between the connections on Y ^ X and global sections 

T = dx^^ {dx + T\d,) (6) 

of the affine jet bundle J^Y Y. These global sections form the affine space modelled 
on the linear space of soldering forms on Y. Every connection T on Y ^ X yields the 
first order differential operator 

Dr : J^Y^T*X^VY, 

Y Y 

Dr = {y\ - T\)dx^ d„ 

on Y which is called the covariant differential relative to the connection F. 

The feature of the dynamics of field systems on composite manifolds consists in the 
following. 

Let y be a composite manifold (|I|) provided with the fibred coordinates (x'^,a™,?/*) 
where {x^, a"^) are fibred coordinates of S. Every connection 

Aj, = dx^ ® (9a + A'A) + da"" ® (9„ + Aid,) (7) 

on y ^ S yields the first order differential operator 

D: J^Y ^ T*X^VYj:, 

Y 

D = dx'®{y\-A^,-Ala'^)d,, 

on Y. Let h he a global section of S and Y^ the restriction of the bundle to h{X). 
The restriction of D to J^Y^ C J^Y comes to the familiar covariant differential relative 
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to a certain connection Ah on Yh. Thus, it is D that we may utihze in order to construct 
a Lagrangian density 

L: J^Y^ T*X (g) VYs A T*X (8) 

Y 

for sections of a composite manifold. It should be noted that such a Lagrangian density 
is never regular because of the constraint conditions 

If a Lagrangian density is degenerate, the corresponding Euler-Lagrange equations are 
underdetermined. To describe constraint field systems, one can utilize the Hamiltonian 
formalism in fibred manifolds where canonical momenta correspond to derivatives of fields 



with respect to all world coordinates, not only the temporal one [ffl, 0, 10, 11, 12|. In the 



framework of this approach, the phase space of fields is the Legendre bundle 

I[ = 1\T*X®TX®V*Y (9) 

Y Y 

over Y . It is provided with the fibred coordinates (x'*', y^,pf)- Note that every Lagrangian 
density L on J^Y determines the Legendre morphism 

L: J^Y ^ n. 

The Legendre bundle carries the multisymplectic form 

n = dpi Ady' Auj0dx. (10) 

We say that a connection 7 on the fibred Legendre manifold 11 — X is a Hamiltonian 
connection if the form 7J Q is closed. Then, a Hamiltonian form if on H is defined to be 
an exterior form such that 

dH = -f\n (11) 

for some Hamiltonian connection 7. The key point consists in the fact that every Hamil- 
tonian form admits splitting 

H = p^dy' Aux- pfT\iu - Htuj = pfdy' Alux-Hlu lux = dx\uj. (12) 

where F is a connection on the fibred manifold Y and Tiruj is a horizontal density on 
H ^ X. Given the Hamiltonian form (p!2D, the equality (pJ]) comes to the Hamilton 
equations 

dxr' = d{n, (13a) 
dxr^ = -diH (13b) 

for sections r of the fibred Legendre manifold H — > X. 
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If a Lagrangian density L is regular, there exists the unique Hamiltonian form H such 
that the first order Euler-Lagrange equations and the Hamilton equations are equivalent, 
otherwise in general case. One must consider a family of different Hamiltonian forms H 
associated with the same degenerate Lagrangian density L in order to exaust solutions 
of the Euler-Lagrange equations. Lagrangian densities of field models are almost always 
quadratic and afiine in derivative coordinates y^. In this case, given an associated Ha- 
miltonian form H, every solution of the corresponding Hamilton equations which lives 
on L{J^Y) C H yields a solution of the Euler-Lagrange equations. Conversely, for any 
solution of the Euler-Lagrange equations, there exists the corresponding solution of the 
Hamilton equations for some associated Hamiltonian form. Obviouslyit lives on L{J^Y) 
which makes the sense of the Lagrangian constraint space. 

The feature of Hamiltonian systems on composite manifolds (|I|) lies in the facts that: 
(i) every connection Aj^ on F ^ S yields splitting 

^ ® ® [pfidy' - Aldan + {pi + Alpf)da"^] 

of the Legendre bundle H over a composite manifold Y and (ii) the Lagrangian constraint 
space is 

pt + Alpf = 0. (14) 

Moreover, if /i is a global section of S — X, the submanifold Uh of H given by the 
coordinate relations 

a- = /.™(x), pt + Al,,pf = 

is isomorphic to the Legendre bundle over the restriction Yh of Y-^ to h{X). The Legendre 
bundle Uh is the phase space of fields in the presence of the background parameter field 
h. 

In the Hamiltonian gravitation theory, the constraint condition (|T^) takes the form 

Pf + Iv^'cr^^iy^ba, 11>]^BP\ + [7a, l,]''\yi) = (15) 

where (cr^,|/^) are tetrad and spinor coordinates of the composite spinor bundle (|]), 
p'j^ and p\ are the corresponding momenta and rj denotes the Minkowski metric. The 



condition (15) replaces the standard gravitational constraints 



pf = 0. (16) 

The crusial point is that, when restricted to the constraint space ([16|) , the Hamilton 
equations come to the familiar gravitational equations, otherwise on the constraint space 

(H). 

2 Composite manifolds 

The composite manifold is defined to be composition of surjective submersions 

ttex o 7i"ys ■■Y^T.^X. (17) 
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It is provided with the particular class of coordinate atlases {x^ , a"^ , y^) where (x'^,(t'") 
are fibred coordinates of S and are bundle coordinates of 1^. We further propose that 
S has a global section. 

Recall the following assertions |jll], |14[: 

(i) Let Y be the composite manifold (|T7|). Given a section /i of E and a section ss of Fs, 
their composition sj] o h obviously is a section of the composite manifold Y. Conversely, 
if the bundle has a global section, every global section s of the fibred manifold F — > X 
is represented by some composition s-^ o h where h = hyt, ° s and ss is an extension of 
the local section h{X) s{X) of the bundle over the closed imbedded submanifold 
h{X) C S. 

(ii) Given a global section h of S, the restriction Y^, = /i*^^ of the bundle Y^ to 
is a fibred imbedded submanifold of Y. 

(iii) There is the 1:1 correspondence between the sections Sh of Y^ and the sections s 
of the composite manifold Y which cover h. 

Given fibred coordinates (x^, a™, y*) of the composite manifold Y, the jet manifolds 
J^S, J^ls and J^Y are coordinatized respectively by 

{x\ a™, a^), (x\ a^, y\ y\, yl,), {x\ a^, y\ a^, yl). 

(iv) There exists the canonical surjection 

p : J^S X J^Fe ^ J^F, (18) 

y{°p = y>T + yl 

where se and h are sections of Y-^ and S respectively. 

The following assertions are concerned with connections on composite manifolds. 

Let A-£ be the connection (^ on the bundle Y-^ and F the connection (^ on the fibred 
manifold S. Building on the morphism ([ISD , one can construct the composite connection 

A = dx'(^ [dx + r^9^ + {AIXT + ^a)^^] (19) 

on the composite manifold Y. 

Let a global section /i of S be an integral section of the connection F on S, that is, 
T o h = J^h. Then, the composite connection (|T9|) on Y is reducible to the connection 

A, = dx^ ® [dx + (A;,9a/i" + Al)9,] (20) 

on the fibred submanifold Y^ oiY ^ X. In particular, every connection A^, (|3) on 
whenever is reducible to the connection (^) on Yh. 

Every connection (0) on the bundle Yy. determines the horizontal splitting 

VY = VYj:®{Y xVT.), (21) 
y'd, + a"^<9^ = (y^ - <a™)9, + (t'"(5^ + A'^di), 
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and the dual horizontal splitting 



V*Y = V*Yj:®{Y xV*J:), (22) 

y,dy' + a^da^ = ^dy' - A'^da^) + (a„ + J^^y^)da^. 

Building on the horizontal splitting (0), one can constract the following first order 
differential operator on the composite manifold Y: 

D = pi. o Da: J^Y T*X (^VY ^ T*X O VYj^, 

Y Y 

D = dx^® [y\ - A\ - - T^)]d. = dx' ® {y\ - i\ - Al^a-)d,, (23) 



where Da is the covariant differential relative to the composite connection A ([T9|) which 
is composition of Aj^ and some connection F on S. We shall call D the vertical covariant 
differential. This possesses the following property. 

Given a global section h of E, let F be a connection on S whose integral section is h. 
It is readily observed that the vertical covariant differential (|2^) restricted to J^Yh G J^Y 
comes to the familiar covariant differential relative to the connection A^ ( ^Of ) on Yh. 



Thus, it is the vertical covariant differential (p3D that we may utilize in order to construct 
a Lagrangian density (^ for sections of a composite manifold. 

Now, we consider the composite structure of principal bundles. Let 

np:P^X 

be a principal bundle with a structure Lie group G and K its closed subgroup. We have 
the composite manifold 

TTsx o TTps : P ^ P/K ^ X (24) 

where 

Ps := P ^ P/K 

is a principal bundle with the structure group K and 

E = P/K = (P X G/K)/G 

is the P-associated bundle. Note that (|^) fails to be a principal bundle. 

Let the structure group G be reducible to its closed subgroup K. By the well-known 
theorem, there is the 1:1 correspondence 

vrps(Pfc) = {hoTXp){Ph) 

between global sections h of the bundle P/K ^ X and the reduced i^'-principal subbun- 
dles Ph of P which consist with restrictions of the principal bundle P^ to h{X). 

Recall the following facts. Every principal connection A^ on a reduced subbundle Ph 
gives rise to a principal connection on P. Conversely, a principal connection A on P is 



7 



reducible to a principal connection on Ph iff h is an integral section of the connection 
A. Every principal connection Aj^ on the i^-principal bundle Ps, whenever h, induces a 
principal connection on the reduced subbundle Ph of P. 

Given the composite manifold (0), the canonical morphism (|18|) results in the surjec- 
tion 

J^P^/KxJ^J: J^P/K 

over J^S. Let A^. be a principal connection on P^; and F a connection on S. The 
corresponding composite connection (|T9|) on the composite manifold (p^ ) is equivariant 



under the canonical action of K on P. If the connection F has an integral global section 
h of P/K — i> X, the composite connection ([19D is reducible to the connection ( pO|) on P/^ 
which consists with the principal connection on P^ induced by A^,. 
Let us consider the composite manifold 

Y ={PxV)/K ^ P/K X (25) 

where the bundle 

>s := >s = (P X V)/K ^ P/K 

is associated with the i^-principal bundle P^. Given a reduced subbundle P^ of P, the 
associated bundle 

is isomorphic to the restriction of to h{X). The composite manifold (|25|) can be 
provided with the composite connection (|19|) where the connection A^, is associated with 
a principal connection on the K principal bundle Ps and the connection F on P/K 
is associated with a principal connection on some reduced subbundle Ph of P. This 
composite connection is reducible to the connection ( pOD on the bundle Yh which appears 
to be some principal connection Ah on P. 



3 Composite spinor bundles 

This Section is devoted to composite spinor bundles (H) in gravitation theory. 

By X'^ is further meant an oriented world manifold which satisfies the well-known 
global topological conditions in order that gravitational fields, space-time structure and 
spinor structure can exist. To summarize these conditions, we assume that X^ is not 
compact and the linear frame bundle LX over is trivial 0. 

We describe Dirac fermion fields as follows. Given a Minkowski space M with the 
Minkowski metric ry, let Ci 3 be the complex Clifford algebra generated by elements of 
M. A spinor space V is defined to be a linear space of some minimal left ideal of Ci^3 on 
which this algebra acts on the left. We have the representation 

7 : M ® V 1/ (26) 
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of elements of the Minkowski space M C Ci^s by Dirac's matrices 7 on V . 

Let us consider the transformations preserving the representation (^61) . These are pairs 
(/, Is) of Lorentz transformations / of the Minkowski space M and invertible elements Ig 
of Ci^3 such that 

-iilM ®lsV) =h-i{M ®V). 

Elements Is form the Clifford group whose action on M however is not effective. We 
restrict ourselves to its spinor subgroup Lg = SL{2, C) whose generators act on V by the 
representation 

lab = ^[7a,7f>]- 

Let us consider a bundle of complex Clifford algebras Ca^i over X"^. Its subbundles 
are both a spinor bundle Sm X'^ and the bundle Ym — > X'^ of Minkowski spaces of 
generating elements of Ca^i. To describe Dirac fermion fields on a world manifold, one 
must require Ym be isomorphic to the cotangent bundle T*X of a world manifold X^. 
It takes place if the structure group of LX is reducible to the Lorentz group L and LX 
contains a reduced L subbundle L^X such that 

Ym = (L^X X M)/L. 

In this case, the spinor bundle Sm is associated with the L<j-lift Ph of L^X: 

SM = Sh = {Ph X V)/Ls. (27) 

There is the above-mentioned 1:1 correspondence between the reduced subbubdles 
L'^X of LX and the tetrad gravitational fields h identified with global sections of the 
bundle S (1). 

Given a tetrad field h, let \E'^ be an atlas of LX such that the corresponding local 
sections of LX take their values into L^X. With respect to and a holonomic atlas 

= {tpf} of LX, a tetrad field h can be represented by a family of G'L4-valued tetrad 
functions 

h^ = ijfo z\, 

dx^ = hl{x)h\ (28) 
Given a tetrad field h, one can define the representation 

7/, : T*X (g)Sh = (Ph X (M ® V))/Ls ^ {Ph x 7(M ® V))/Ls = Sh (29) 

of cotangent vectors to a world manifold by Dirac's 7-matrices on elements of the 
spinor bundle Sh- With respect to an atlas {z^} of Ph and the associated atlas {z^} of 
LX, the morphism ( PUj) reads 

7/.(/^"®yV(x)) = 7"W^A(x) 
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where {va{x)} are the associated fibre bases for Sh- As a shorthand, one can write 



We shall say that, given the representation (pQ]), sections of the spinor bundle Sh 
describe Dirac fermion fields in the presence of the tetrad gravitational field h. Indeed, 
let Ah be a principal connection on Sh and 

D : J^Sh^T*X (»VSh, 

Sh Sh 

D = {y^- A^\{x)Iab''By'')dx'' ® Oa, 

the corresponding covariant differential. Given the representation (p9[), one can construct 
the Dirac operator 

Vh = 7hoD: j'Sh^T*X®VSh^VSh, (30) 

Sh 

We here use the fact that the vertical tangent bundle VSh admits the canonical splitting 

VSh = ShX Sh, 
and 7/i in the expression (^) is the puUback 

jh-.T-'X^VSh-^VSh, 

Sh Sh 

lh{h''0y^dA)=r^By''dB, 

over Sh of the bundle morphism (123). 

For different tetrad fields h and h', Dirac fermion fields are described by sections 
of spinor bundles Sh and Sh' associated with L^-lifts Ph and Ph' of different reduced 
L-principal subbundles of LX. Therefore, the representations jh and jh' ([29| ) are not 
equivalent [0, It follows that a Dirac fermion field must be regarded only in a pair 
with a certain tetrad gravitational field. There is the 1:1 correspondence between these 
pairs and sections of the composite spinor bundle (|). 

In gravitation theory, we have the composite manifold 

VTsx o vTpE : LX ^ S ^ (31) 
where S is the quotient bundle (^) and 

LXs := LX ^ E 

is the L-principal bundle. 
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Building on the double universal covering of the group GL4, one can perform the 
Lg-principal lift Ps of LX^ such that 



P^/L, = ^, LXs = r(Ps). 

In particular, there is imbedding of Ph onto the restriction of to /i(X^). 
Let us consider the composite spinor bundle (^) where 

Sj: = (Ps X V)/Ls 

is associated with the L^-principal bundle P^. It is readily observed that, given a global 
section h of S, the restriction St. to h{X^) is the spinor bundle Sh (0) whose sections 
describe Dirac fermion fields in the presence of the tetrad field h. 

Let us provide the principal bundle LX with a holonomic atlas {ipj, U^} and the 
principal bundles Ps and LX^; with associated atlases {z^, U^} and {z^ = r o z^}. With 
respect to these atlases, the composite spinor bundle is endowed with the fibred coordi- 
nates {x^,a^,y'^) where {x^,a^) are fibred coordinates of the bundle S such that cr^ are 
the matrix components of the group element 

Given a section /i of S, we have 

z^{x) = (z^ o h){x), h{x) G t/,, X e f/g, 
{aloh){x)=h^Sx), 



where h^{x) are tetrad functions (pq). 

The jet manifolds J^S, J^Sj^ and J^S are coordinatized by 

<x\ y\ vt y\ vx)- 

Note that, whenever h, the jet manifold J^Sh is a fibred submanifold of J^S X^ given 
by the coordinate relations 

< = Ki^), a,^, = d,K{x). 
Let us consider the bundle of Minkowski spaces 

{LX X m)/l^j: 

associated with the L-principal bundle LXy.. Since LX^ is trivial, it is isomorphic to the 
puUback S x T*X which we denote by the same symbol T*X. Building on the morphism 

X 

p6|), one can define the bundle morphism 

7e : T*X I 5s = (Pe x (M ® V))/Ls ^ (Pe x 7(M ® = ^s, (32) 
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over E. When restricted to /i(X^) C E, the morphism (p^) comes to the morphism 



(|29|). Because of the canonical vertical splitting 

E 

the morphism (|32D yields the corresponding morphism 

j^:T*X®VS^^VSj:. (33) 

s 

We use this morphism in order to construct the total Dirac operator on sections of the 
composite spinor bundle S (|]). We are based on the following fact. 
Let 

A = dx''0 (dx + Afds) + da^ ® (9; + A^;^^^) 

be a connection on the bundle S^,- It determines the horizontal splitting (^) of the 
vertical tangent bundle VS and the vertical covariant differential (^). The composition 
of morphisms (|33D and (^) is the first order differential operator 

V = -f^oD : J^S ^ T*X ® VSy: ^ VSj:, 

s 

on S. One can treat it the total Dirac operator since, whenever a tetrad field h, the 
restriction of V to J^Sh C J^S comes to the Dirac operator Vh (|30|) with respect to the 
connection 

A, = rfx" ® [dx + (if + A^;:aA/z^:)aB] 

on Sh- 

4 Multimomentum Hamiltonian formalism 

Let n be the Legendre bundle (|]) over a fibred manifold Y ^ X. This is the composite 
manifold 

TTnx = vr o TTjiY '■ H Y ^ X 
provided with fibred coordinates {x^,y^,pf): 

By J^n is meant the first order jet manifold of 11 X. It is coordinatized by 

ix\y\plyl^,pf^). 
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Remark. We call by a momentum morphism any bundle morphism $ : 11 — J^F 
over Y. Given a momentum morphism $, its composition with the monomorphism (|^) is 
represented by the horizontal pullback-valued 1-form 

$ = dx^ ® {dx + $19,) (35) 

on n — > y. For instance, let F be a connection on Y. Then, the composition F = Fovrny is 
a momentum morphism. The corresponding form (|35D on 11 is the pullback F of the form 
F (^) on Y. Conversely, every momentum morphism $ defines the associated connection 
F$ = $ o On on y ^ X where On is the global zero section of 11 — > F. Every connection 
F on y gives rise to the connection 

f = dx'0 [dx + Tiiy)d, + (-a,F\(y)pf - K'^,xix)p', + K\xix)p^)dj,] (36) 

on n — > X where i^' is a linear symmetric connection on T*X. □ 

The Legendre manifold 11 carries the multimomentum Liouville form 

e = -p^dy' Au^dx (37) 

and the multisymplectic form Q (plQl). 

The Hamiltonian formalism in fibred manifolds is formulated intrinsically in terms of 
Hamiltonian connections which play the role similar to that of Hamiltonian vector fields 
in the symplectic geometry [ll|, |T2|. 

We say that a connection 7 on the fibred Legendre manifold 11 —> X is a Hamiltonian 
connection if the exterior form 7jf2 is closed. An exterior ra-form H on the Legendre 
manifold H is called a Hamiltonian form if there exists a Hamiltonian connection satisfying 
the equation ([TT|). 

Let if be a Hamiltonian form. For any exterior horizontal density H = Tiuj on H ^ X, 
the form H — H is a Hamiltonian form. Conversely, if H and H' are Hamiltonian forms, 
their difference H — H' is an exterior horizontal density on H — X. Thus, Hamiltonian 
forms constitute an affine space modelled on a linear space of the exterior horizontal 
densities on H — ^ X. 

Let F be a connection on F — > X and F its lift ( |36D onto H — > X. We have the equality 

fjfi = d{f\e). 

A glance at this equality shows that F is a Hamiltonian connection and 

Hr = V\e = p'>dy' Aux-p'^nu 

is a Hamiltonian form. It follows that every Hamiltonian form on H can be given by the 
expression ([T2|) where F is some connection onY ^ X. Moreover, a Hamiltonian form 
has the canonical splitting (p!2D as follows. Given a Hamiltonian form H , the vertical 
tangent morphism VH yields the momentum morphism 

H:Ii~^J^Y, y\oH = din, 
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and the associated connection Th = H oQ onY. As a consequence, we have the canonical 
sphtting 

H = Hr^- H. (38) 

Note that every momentum morphism $ represented by the puUback- valued form ( |55| ) 
on n yields the associated Hamiltonian form 

H^ = ^\e = pfdy' Aujx- pf^\uj. (39) 

The Hamilton operator Sh for a Hamiltonian form H is defined to be the first order 
differential operator 

£H = dH-n= [(yi,) - d\n)dpf - {pI + d{H)dy'] A uj, (40) 

where VL is the pullback of the multisymplectic form Vt onto J^H. 
For any connection 7 on H — X, we have 

o 7 = dH — 7J VL. 

It follows that 7 is a Hamiltonian jet field for a Hamiltonian form H if and only if it takes 
its values into 'KgiEhi that is, satisfies the algebraic Hamilton equations 

l\ = d\n, 7a = -^^n. (41) 

Let a Hamiltonian connection has an integral section r of H — > X. Then, the Hamilton 
equations (^Tj) are brought into the first order differential Hamilton equations ( 13a ) and 

(m. 



5 Constraint field systems 

This Section is devoted to relations between Lagrangian and Hamiltonian formalisms on 
fibred manifolds in case of degenerate Lagrangian densities. 

Remark. The repeated jet manifold J^J^Y, by definition, is the first order jet ma- 
nifold of J^Y X. It is provided with the adapted coordinates {x''',y\y\,y}^^^,y\^). Its 

subbundle J^Y with y^^^-, = y\ is called the sesquiholonomic jet manifold. The second 

order jet manifold J^Y of Y is the subbundle of J^Y with y\^ = y^^^. □ 

Let y — * X be a fibred manifold and L = Cu a Lagrangian density on J^Y. One can 
construct the exterior form 

Al = Ivlx) - y\)dnt + {d, - d,d^)Cdy^] A to, (42) 
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on the repeated jet manifold J^J^Y. Its restriction to the second order jet manifold J^Y 
of Y reproduces the familiar variational Euler-Lagrange operator 



Sl = [d^ - {d, + y\d. + y'^J^tmi^dy' A ^. (43) 
The restriction of the form (H^) to the sesquiholonomic jet manifold J^Y defines the 



sesquiholonomic extension E'^^ of the Euler-Lagrange operator (]43|) . It is given by the 
expression (^), but with nonsymmetric coordinates y^;^. 

Let s be a section of the fibred jet manifold J^Y X such that its first order jet 
prolongation J^s takes its values into Ker£^£. Then, s satisfies the first order differential 
Euler-Lagrange equations 

dxt = s\, 

diC - {dx + -s\d, + dx-s^^d^)dlC = 0. (44) 
They are equivalent to the second order Euler-Lagrange equations 

d,C - (9a + d^s^d, + dxd^s^d';)dlC = 0. (45) 

for sections s of y where s = J^s. 

Let us restrict our consideration to semiregular Lagrangian densities L when the preim- 
age L'^{q) of each point of g G Q is the connected submanifold of J^Y. 

Given a Lagrangian density L, the vertical tangent morphism VL of L yields the 
Legendre morphism 

L: J^Y ^ n, 

We say that a Hamiltonian form H is associated with a Lagrangian density L if H 
satisfies the relations 

LoH\q=\Aq, Q = L{J^Y), (46a) 
H = H- + LoH. (46b) 

Note that different Hamiltonian forms can be associated with the same Lagrangian density. 

All Hamiltonian forms associated with a semiregular Lagrangian density L consist 
with each other on the constraint space Q, and the Hamilton operator £h (|40| ) satisfies 
the relation 

Al = £ho J^L. 



Let a section r of H — > X be a solution of the Hamilton equations ( |13a|) and (|13b| ) for 



a Hamiltonian form H associated with a semiregular Lagrangian density L. If r lives 
on the constraint space Q, the section s = H o r of J^Y — > X satisfies the first order 
Euler-Lagrange equations (^^. Conversely, given a semiregular Lagrangian density L, let 
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s be a solution of the first order Euler-Lagrange equations (pi]) . Let if be a Hamiltonian 
form associated with L so that 

HoLos = s. (47) 



Then, the section r = Losofn-^Xisa solution of the Hamilton equations ( |13a| ) and 



(|13b|) for H. For sections s and r, we have the relations 

J^S, S = TluY o 1" 



where s is a solution of the second order Euler-Lagrange equations (^S)). 

We shall say that a family of Hamiltonian forms H associated with a semiregular 
Lagrangian density L is complete if, for each solution s of the first order Euler-Lagrange 
equations (0), there exists a solution r of the Hamilton equations (|13a]) and (|13b| ) for 
some Hamiltonian form H from this family so that 

r = Los, s = H o r, s = {ttuy ° r) . 

Such a complete family exists iff, for each solution s of the Euler-Lagrange equations for 



L, there exists a Hamiltonian form H from this family so that the condition (^) holds. 

The most of field models possesses affine and quadratic Lagrangian densities. Com- 
plete families of Hamiltonian forms associated with such Lagrangian densities always exist 

As a test case, let us consider the gauge theory of principal connections. 

In the rest of this Section, the manifold X is assumed to be oriented and provided with 
a nondegenerate fibre metric g^i, in the tangent bundle of X. We denote g = det{g^^). 

Let P — i> X be a principal bundle with a structure Lie group G wich acts on P on the 
right. There is the 1:1 correspondence between the principal connections A on P and the 
global sections of the bundle C = J^P/G. It is the affine bundle modelled on the vector 
bundle 

C = T*X ® V^P, V^P = VP/G. 

Given a bundle atlas \E'^ of P, the bundle C is provided with the fibred coordinates 
(x^, fc™) so that 

(A;;oA)(a:) = A-(x) 

are coefficients of the local connection 1-form of a principal connection A with respect 
to the atlas \Ef^. The first order jet manifold J^C of the bundle C is provided with the 
adapted coordinates (x^, /c™, /cj^). 
There exists the canonical splitting 

J^C = C+©C_ = (J^P/G)®(AT*X^V^P), (48) 
c c c 
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over C. There are the corresponding canonical surjections: 

The Legendre bundle over the bundle C is 

n = A T*X (g) TX (g)\C X C]*. 

c 

It is coordinatized by (x^, k^,p!^). 

On the configuration space (|48|) , the conventional Yang-Mills Lagrangian density Lym 
is given by the expression 



Lym = j^,a^n9''9^''^Tp^;.^\ 9 I ^ (49) 

where a*^ is a nondegenerate G-invariant metric in the Lie algebra of G. It is almost 
regular and semiregular. The Legendre morphism associated with the Lagrangian density 
(|49| ) takes the form 

plii^^ o Lym = 0, (50a) 
pt'^ o Lym = e-'aZy^g^^Tlp^V (50b) 

Let us consider connections on the bundle C which take their values into Ker Lyju: 
5 : C ^ C+, S^, - 5,™ - cZk^k', = 0. (51) 

For all these connections, the Hamiltonian forms 

H = p^^'dk;: Auj,- p^j:sb';x^ - hymoo, m 

riYM - -^a-Q gt,u9\pPm Pn \ 9 \ ■, 

are associated with the Lagrangian density Lym and constitute the complete family. 
Moreover, we can minimize this complete family if we restrict our consideration to connec- 
tions (^) of the following type. Given a symmetric linear connection K on the cotangent 
bundle T*X of X, every principal connection on P is lifted to the connection Sb (|5l|) 
such that 

SboB = So J^B, 

Sb'^x = + + ^A^r - cZ{k;B{ + klB[)] - K^,x{B^ - kj). 

The corresponding Hamilton equations for sections r of 11 — > X read 

dxPm — ~'^?m^lp'n'^^ + '^ml-^lPri'^^ ~ \yp[^'^\ (53) 

dxk^ + d,kl^ = 2SbT,x) (54) 

plus the equation ( |50b| ). The equations ( ^Ob| ) and ( p3D restricted to the constraint space 
(|50a|) are the familiar Yang- Mills equations for A = ttuc ° ^- Different Hamiltonian forms 
2|) lead to different equations (|5^ which play the role of the gauge-type condition. 
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6 Hamiltonian systems on composite manifolds 



The major feature of Hamiltonian systems on a composite manifold Y {\L7\} lies in the 
following. The horizontal splitting (|22| ) yields immediately the corresponding splitting of 
the Legendre bundle 11 over the composite manifold Y. As a consequence, the Hamilton 
equations ( |13a|) for sections h of the fibred manifold S reduce to the gauge-type conditions 
independent of momenta. Thereby, these sections play the role of parameter fields. Their 
momenta meet the constraintconditions (Q). 

Let y be a composite manifold (p!?!). The Legendre bundle H over Y is coordinatized 

by 

Let Ay, be a connection on the bundle Is. With a connection Aj^, the splitting 

U = AT*X(^TX(^[V*Yj:®(YxV*I:)] (55) 
Y Y y s 

of the Legendre bundle H is performed as an immediate consequence of the splitting (^21). 
We call this the horizontal splitting of H. Given the horizontal splitting the Legendre 
bundle H can be provided with the coordinates 

Pi = Pi ) Pm^Pm^^mPi (56) 

which are compatible with this splitting. 

Let h he a. global section of the fibred manifold E. It is readily observed that, given 
the horizontal splitting (^5|), the submanifold 

{a = h{x),pi = 0} (57) 

of the Legendre bundle H over Y is isomorphic to the Legendre bundle Uh over the 
restriction Yh of Is to h{X). 

Let the composite manifold Y be provided with the composite connection (^) de- 
termined by connections A-s on Y-^ and F on S. Relative to the coordinates (|5^) , every 
Hamiltonian form on the Legendre bundle H over Y can be given by the expression 

H = ipfdy' + pidan A CO,- [pf + p^F^ + n{x^, a™, y\ p^^, pf )]^. (58) 

The corresponding Hamilton equations are written 

dxP^ = -p^ldiAi + d.AUTT + dTH)] - d.H, (59a) 

d,f = A^, + AUTT + dTn) + d\n,_ ^ (59b) 

dxpi = -pf[dn.A^x + d^Al^iVl + d^.H)] - p^S^F^ - d^H, (59c) 

d^a"" = F^ + d^n (59d) 

and plus constraint conditions. 
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In particular, let the Hamiltonian form (^) be associated with a Lagrangian density 
(H) which contains the velocities only inside the vertical covariant differential (^31). 
Then, the Hamiltonian density Tiuj appears independent of the momenta and the 
Lagrangian constraints read 

P'm = 0. (60) 

In this case, the Hamilton equation (|59dD comes to the gauge-type condition 



independent of momenta. 

Let us consider now a Hamiltonian system in the presence of a background parameter 
field h{x). After substituting the equation ( ^9d| ) into the equations (|59a| ) - ( |59b|) and 
restricting them to the submanifold (pTf), we obtain the equations 



dxpf = -p-di[iA o h)i + Aidxh"'] - d,n, 
dxf = {Aoh)\ + Al^dxh"' + d\n 



(61) 



for sections of the fibred Legendre manifold H/i — X of the bundle Yh endowed with 
the connection (^). Equations ( |6lD are the Hamilton equations corresponding to the 
Hamiltonian form 



on Uh which is induced by the Hamiltonian form (FBI) on H. 



7 Hamiltonian gravitation theory 

At first, let us consider Dirac fermion fields in the presence of a background tetrad field 
h. Recall that they are represented by global sections of the spinor bundle Sh (^Tf). Their 
Lagrangian density is defined on the configuration space J^{Sh © S^) provided with the 
adapted coordinates {x^,y^,y\,y^,y\^. It is the affine Lagrangian density 

Ld = {^bi(7°7^)^(tf - A%,y^) - {y\^ - A+^^,y+)(7V)^y^] 

-^l/i(7°)W}/^~V i^ = K{x)^\ h = <lei{K), (62) 

where 

is a principal connection on the principal spinor bundle Ph- 

The Legendre bundle lih over the spinor bundle Sh ® is coordinatized by 

{x^,y^,yt,p'A,P'/)- 
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Relative to these coordinates, the Legendre morphism associated with the Lagrangian 
density ( |62D is written 

= 7rf = -^(7V)W/^-^ (63) 
It defines the constraint subspace of the Legendre bundle Ilh- Given a soldering form 

S = S'^B^ix)y''dx'' ® Oa 

on the bundle Sh, let us consider the connection A + S on Sh- The corresponding Hamil- 
tonian form associated with the Lagrangian density (^) reads 

Hs = {Pldy^ + v'X^dy\) Acu^- Hsou, (64) 

{p'a - OS^.y"" + yj5+^,(pf - vrf ). 

The corresponding Hamilton equations for a section r of the fibred Legendre manifold 
Ilh X take the form 

9^y+ = y+(A+% + 5+%), (65a) 

d.P^A = -p'bA^, - {p'b - OS'^A, - [myUlYA + '-yiS^"" cil'in"" A]h-\65h) 

plus the equations for the components y^ and The equation ( |65a| ) and the similar 
equation for y^ imply that y is an integral section of the connection A + S on the spinor 
bundle Sh- It follows that the Hamiltonian forms (|6^ ) constitute the complete family. On 
the constraint space (|63D, the equation ( |65b|) comes to the form 

d,n^^ = -n^^A^A, - (myUlYA + '-ytS^'' c,{l'Yf A)h-\ (66) 

Substituting the equation (|65a|) into the equation (|66D, we obtain the familiar Dirac 
equation in the presence of a tetrad gravitational field h. 
We now consider gravity without matter. 

In the gauge gravitation theory, dynamic gravitational variables are pairs of tetrad 
gravitational fields h and gauge gravitational potentials Ah identified with principal con- 
nections on Ph. Following general procedure, one can describe these pairs {h, Ah) by 
sections of the composite bundle 

Cl ■■= J^LX/L ^ J^S ^ S ^ X^. 

The corresponding configuration space is the jet manifold J^Cl of Cl- The Legendre 
bundle 

n = A T*X^ (g) TX^ ® V*Cl. (67) 

Cl Cl 
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over Cl plays the role of a phase space of the gauge gravitation theory. 
The bundle Cl is endowed with the local fibred coordinates 

where {x^,a^,a^^) are coordinates of the jet bundle J^S. The jet manifold J^Cl of Cl 
is provided with the corresponding adapted coordinates 

f^M Uab _ _h.ba u _ u uab u \ 

The associated coordinates of the Legendre manifold (|67D are 

where {x'^,a^,p'x^) are coordinates of the Legendre manifold of the bundle S. 

For the sake of simplicity, we here consider the Hilbert-Einstein Lagrangian density of 
classical gravity 

Lhe = -;^^"VA<a,V-ia;, (68) 

fab uab _ l.ab , la icb h.a icb 

•J iiX — X^i fiX I 1^ cfii^ X cXl^ ^11 

cr = det(0. 

The corresponding Legendre morphism Lhe is given by the coordinate expressions 

Pa6["^]=7r„J^'^l = — (69a) 

^"^^ = 0, pr = o, pr = o, (69b) 

We construct the complete family of Hamiltonian forms associated with the affine 
Lagrangian density (|68|). Let be a world connection associated with a principal con- 
nection B on the linear frame bundle LX. To minimize the complete family, we consider 
the following connections on the bundle Ck'- 

pA A Ty^X V 

an — afJ.'-'b a ' 

+B\,{al - ri) - K\,{at - Vl) + K^,{alp - T^J 

T^'am = \[k\xk'\ - k\^k'^\ + dxB''\ + d^B''\ 
-B\,k'^\ - B^xk"", - B\^k^\ - B\xk'\] 



1 
2 

where R is the curvature of the connection B. 
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The complete family of Hamiltonian forms associated with the Lagrangian density 
^) consists of the forms given by the coordinate expressions 



The Hamilton equations corresponding to such a Hamiltonian form read 



T^ab 



'T-ab 



R 



ab 



fiXj 



2r 



ab 



(M), 



df^Pc 



Xfi 



_ dHnE 
da} ' 



(70a) 
(70b) 
(70c) 
(70d) 

(70e) 
(70f) 



plus the equations which are reduced to the trivial identities on the constraint space (|69aD . 
The equations ( |70a| ) - ( |70d| ) make the sense of gauge-type conditions. The equation ( [70 d|) 
has the solution 



The gauge-type condition ([70b|) has the solution k{x) = B. It follows that the forms Hhe 
really constitute the complete family of Hamiltonian forms associated with the Hilbert- 
Enstein Lagrangian density (|6^). 

On the constraint space, the equations ( [70e|) and (|70fl) are brought into the form 



^k" TT i,-^'^ -I- TT f^^r^a 



R^'pf^dlirJ^ = 0. 



(71a) 
(71b) 



The equation ( [71a|) shows that k{x) is the Levi-Civita connection for the tetrad field h{x). 
Substitution of the equations ( |70a|) into the equations ( |71b|) leads to the familiar Einstein 
equations. 

Turn now to the fermion matter. Given the L^-principal lift of LXj^, let us consider 
the composite spinor bundle S (^. 

Set up the principal connection onthe bundle LXj^ which is given by the local connec- 
tion form 



1 



(72) 



A ^ = -K xticr^if] a^-T] a J, 



A abc 



-(r^^V;-r^-aJ), 



(73) 
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where K is some symmetric connection on TX and ([73| ) correspond to the canonical 
left- invariant free-curvature connection on the bundle 

GL^ — >■ GL^I L. 

The connection on the spinor bundle S which is associated with A^, (0) reads 



The total configuration space of the fermion-gravitation complex is the product 

On this configuration space, the Lagrangian density Lpc of the fermion-gravitation com- 
plex is the sum of the Hilbert-Einstein Lagrangian density Lhe (il) and the modification 
of the Lagrangian density ( |62D of fermion fields: 



2 

where 



7'^ = a,^",cr = detM. 
The total phase space 11 of the fermion-gravitation complex is coordinatized by 

{x\ a,^ <, y^, y\, k^",, vt.f;:\v\. pf.Pa,'^) 



and admits the corresponding splitting (55). The Legendre morphism associated with the 
Lagrangian density LpG defines the constraint subspace of 11 given by the relations (|63D, 
(|69a|) , the conditions 

Pa,^'''^ = 0, pr = 



and the constraint ( pH ) which takes the form (P^). 

Hamiltonian forms associated with the Lagrangian density Lpc are the sum of the 
Hamiltonian forms Hhe and Hs (^) where 

A^B, = h^^Iab^Bv''. (74) 

The corresponding Hamilton equations for spinor fields consist with the equations (|65a|) 
and ( |65b|) where A is given by the expression (|73|). The Hamilton equations (|70aD - ( [70 dp 
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remain true. The Hamilton equations ( [70e|) and ( [701]) contain additional matter sources. 
On the constraint space 

the modified equations ( [701| ) would come to the familiar Einstein equations 

g;: + t; = o 

where T denotes the energy-momentum tensor of fermion fields, otherwise on the modified 
constraint space (0). In the latter case, we have 

Dxpf = G^^ + T; (75) 

where D\ denotes the covariant derivative with respect to the Levi-Civita connection 
which acts on the indices ^. Substitution of ([151) into (^) leads to the modified Einstein 
equations for the total system of fermion fields and gravity: 

where J is the spin current of the fermion fields. 
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